
 

MATH 2028 Differential Forms

Goal Define differential k forms in IR the

exterior derivative and their basic properties

Recall Givenlinearly independent f vi Vz vn E B

aetfiik.vn i sii I
n vectors n dimensional
in IR parallelopipe

How to find the signed volume of a k din

parallelopipe in B

Multi linear Algebra
jthcoordinate

B Standard basis is
where Ei O 0 12,0 o

a fei en
adual
dual

T

Dnf dual basis set dxitej Sig
dx dXn

a
Kronecker
delta



Any linear functional 01 s R IR has the form

Of A DX 1 Az dx t a t and xn

We generalize this to multi linear functions

Given 1 E I c iz c c ite E n we define
Kcopies

dXi nd Xian nd Xi R x x R IR

as dXi n dXi n s dxia Vi Vz Vic

at if

Uk

which is a k linear alternating map on LR

FACT f dXi nd Xian ndXia
IE I c iz C c Ik En

forms a basis of the vector space of k linear

alternating maps on B denoted by Ak Bn

Hence

dim Nik's k ni I



Eg n 3 k 2 A basis for NLRB is givenby

f da nd Xz DX A DX3 dx andXs

Wedge Product

The following notion of wedge product A

generalizes the cross product of vectors in B 3

dXi nd Xian n dxia n dxjindxjzn.mndXje

dXi nd Xian s dxikrdxjindxjzn.mn dXje

Remember that f
d i dXi o

alternating dXindxj dig rdx

Extending linearly we get a bilinear map

1 Nh Rh x ne Rn nhteir
6 6

W y way
which is skew commutative

W y 1 key r w

and associative Wn 7 not w r 2 4



EI w A DX t azdXz

I bi dx b d

in NC

W r y 9 DX t ar dxz n bid x c bad Xz

a b dx in dx ta b dx n dXz
ameupto asign O

t ar b da r dx t Azbz dxzndXz

dx

ndxzdetfa.az
Differential Forms on B

Notation I ii is Ik increasing k tuple

A differential k form on LR is an expression

w I f I dxi n nd Xi
I _til Ik

Where f I are smooth functions on subset of B

EI O forms are just functions

1 forms W f dx 4 1 Tn din



h forms W f DX n n DX n

Remark We can take wedge product of differentia

forms pointwise as before More importantly we

have a way to differentiate differential forms

Notation Hk u f differential
k forms

on U E Rn

DEI There exists an exterior derivative

d Ah cu s Art u

sat I d is linear

2 d wry d w n y t C 1 Kw n dy
where w C Aku M C Ahu

3 d do d O

n
4 If I 2 dx i f function f

i 4

Examples 1 off fix DX t f IR R

Z w y DX t X dy C A'CIR

dw d yd x d Cxdy dy nd x t d x nd y O



3 w y DX t X dy E d CR

d w dy n dict dx n dy 2 dx n dy

4 w
y
DX dy c A child

dw Z Ffg dyndxt yr dandy

EET t2y g dxndy

t Y dxndy o

FACT d generalize the notion of grad curl

and dir

Given a function f on U E R

If 2 DX it 2 DX t 3 dXn

Hence writing the RH S in terms of the basis

dx dxz dint of A U we have

df 324,25 3 Tf

Therefore d ATU A U is the gradient
differential operator on functions



Given a vector field F n U e R Ps3 S t

F Fi Fe Fz in components if we identify
it with the 2 form

W F dy n dz Fz DX nd Z t B dx n dy

Then

dw d F n dy n d't dFa n dx n de

dfs r dx n dy

22 dx n dy n de Fj dy n dx nd 2
3 dz n dx n dy

2
tZy 3 dxndyndt

Il
div F

Similar calculation also works for vector fields

in B for any n C IN

Finally we can also recover the Arrl operator

using the exterior derivative d



Let W P DX t Q dy E H CR Then

d w dp n dx t d Q n dy

ZyP dy n dx t
2 dx n dy

FF zig dx n dy

2 dim l curl

of f CP Q

et w Fi DX Fzdy Fz dz c A 4133 Then

dw d f n dx t dFa n dy t d B n DZ

5 dy n dx t 3 dz rdx

252 dx ndy t 3 d't n dy

t 3 dx n dt t 53 dy r de

Ifk 2 dyndz 3 3 der dx

3 5 dx n dy

whose components are equal to curl Fi Fr Fz



Pullback of differential forms

Given a a map of
a U E Rm IR we can use

it to pullback differential forms

g Ahca AHU

o forms g f a f o g f f c AIR

1 forms write in components 8 191 Sn define

G f DX t 1 fn din

frog dg t frog d g n

k forms g Is f I DX Ez ft og d9I

Let us illustrate by some examples

Examples

1 9 IR IR 9 fix d x f gars g cu da

z 9 A 422 g t cost Sint

g y dxt x dy Sint d cost cost d sint

sin't 1Cos't dt at



Thin g dw dC 5 w V w e Akan

Proof Kao n et f e AIN

d g f d fog

II Zug fog duj

chain Iii.EC os ZuijIdui

EiEfiosHEiIfjduiI
EE g f Taxi

9
h

III dxi g df

k 0 By linearity it suffices to check

8 1 dC f d XI g df nd XI g df n g fdxI

de Ff n d 9 I d Ff DSI

d S Cfdxz
D


